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Control problems distinguish themselves in the following way from the usual problems 
that workers in PDEs deal with (e.g. questions of regularity) . A gross property is 
postulated for the solution of the relevant PDE or system of PDEs and one chooses 
parameters that appear in the equations in order to adhere to this property. In the 
problem at hand we consider the encouragement, in the least squares sense, of a viscous 
incompressible flow towards a given vector field by appropriately choosing the stress 
tensor on the boundary of the (bounded) d om_ain. We wish to minimize the functional 
J(u, g) = I lu - uo12 + J lg12 n r
defined over H’(Q) x Uad, where Uod is a closed convex subset of L2(I’), and where (u, g) 
satisfy the following relations: 
--vAu+(u.V)u+Vp=O, (1) 
v.ll=o (2) 
{-pn + v(Vu + VuT)n}r = g (3) 
This is a constrained minimization problem. The constraint is the strong form of the 
Navier-Stokes equations, and the control vector is g. 
It turns out to be convenient, for our purposes, to precisely phrase the problem in the 
following way: we want to minimize J over the admissible set 
l”< = {(v,g) E H’(a) x &d : J(v,g) < 00 and there exists a p E L”(n) so that the 
equations 4,5 are satisfied.} The constraint is a weak form of equations (l-3): 
YU(U, w) + c(u, u, w) - NW, P> = (f, w> f (g, w)r, Qw E H1 (4 
b(u, q) = 0, vq E L2 (5) 
where 
a(u, w) = 1 2 I JVU + VIP) : (VW + VwT) dx 
~(w,P) = I ~0’ e w) dx, l-t 
c(u,v, w) = 
I 
Ju. 0)~. w da: 
Existence of an Optimal Solution. Using estimates from elliptic theory and continu- 
ity properties of the Navier-Stokes equations, it can be shown that there exists a solution 
to the optimal control problem stated above, i.e., a pair (u,g) E lad that minimizes the 
functional J. 
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The Lagrange multiplier rule. It can be shown that our problem has regularity 
properties that allow us to use the method of Lagrange multipliers. If we denote the 
multipliers by (c, u) E HI(O) x L2(Q), we derive the following equations as being neces- 
sary conditions for an extremal; i.e., if (v,g,[) is an extremal, then 
-vAu+(u.V)u+Vp=O, 
v*u=o, 
{ -pn + v( Vu + VuT)n}r = g 
V.f=O 
{-an + v(V[+ VtT)n}Ir = 0. 
The minimum principle with respect to Z&d gives the inequality 
(g+Cb--g) 2 0, @r E&d. 
If we allow uod to be all of L2(I’), then we get the relation 
g = 4lr 
(6) 
(7) 
(8) 
i=l,...,n (9) 
(IO) 
(II) 
Thus, we can eliminate g from the equations for the extremal, and thereby obtain a 
coupled system of eight PDEs (plus boundary conditions) in eight unknowns: 
-vAu+(u.V)u+Vp=O, (12) 
v.u=o, (13) 
{-pn -l- v(Vu + VuT)n}]r = + (14 
-~Afi+~fj~-~uj~+~=~i-(uo)i, i=l,...,Iz (15) 
j j 
V.f=O 
{-an + v(V[ + VtT)n}lr = 0. 
Since we are using multipliers in H’(R), we have 
(16) 
(17) 
-+ E H1’2(I’). 
By a bootstrap argument (similar to classical methods [2])we can show that the solution 
to the equations(l2-17), (v,f) E H2(S2) x H2(52), in other words, the optimal solution is 
regular. 
Discretization of the Optimality System. We use the finite element technique to 
compute an approximate solution to the equations(l2-17). For the sake of simplicity, 
we assume that a is a (convex) polyhedral domain of R". We approximate Hl(S2) by 
a family of finite dimensional subspaces of finite elements, Wh; we approximate L2(fi) 
by a finite element family &h. Set Wih = Wh fl Lz. we will assume that Wih and Qj, 
satisfy the following hypotheses [l]: 
(1) (wih is uniformly approximating(of order k)) There exists an operator rh E 
L(H2, wh) fl L(H2 fl Lg, Wih) and an integer k such that: 
IIV - ThVlll 5 Chmllvllm+~, vv E Hm+‘, 1 < m 5 k. 
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(2) The orthogonal projections Sh : L2(Q) + &h are such that 
(3) (Divergence is uniformly isomorphic) For each qj, E Qh there exists a Vh E Wih 
such that 
(qh, divvh) = lb?hll; 
/vhiO i CilqhilO 
where c > 0 is independent of h, qh, vh. 
Notice that if Wh contains piecewise linear elements, then we only have to check the last 
condition on the spaces wh fl HA and Qh fl Lg. 
We approximate the equations(l2-17) by 
~(Uh,V)--(v,Ph)=(f,V)--(Uh,Uh,V)+ <th,V>I’, t/VEWh 
b(uh, q) = 0, v’? E &h 
a(th+‘) - +,uh) = (qh,w), VW E wh 
b(th,S) = 0, v6 E Qh, 
where 
(‘i’hh = x(th)jz - c(uh)jF - (uh)j + (uO)i, i = 1,. . . ,TZ. 
j j 3 
By extending techniques of approximating the Navier-Stokes equations to the coupled 
system of equations(l2-17), we can get convergence properties. In particular, we get the 
following optimal error estimate for the approximate solution: 
Ibh - ulll + lbh - PIlO + Ii& --till + lbh - “110 
I Chm{lbIL+~ + IIPII~ + lKllm+~ + lbllm}, 1 I m I k. 
Other directions; further results. There are several characteristics of the specific 
problem discussed in this note that make it amenable to analysis but not useful for rep- 
resenting real-life optimal control problems. If one is interested in controlling the flow 
past a wing or about a structure, then one should discuss the case where the domain 
consists of different parts, which may or may not have connected components, on which 
different boundary conditions or control variables live. Stress specification on the bound- 
ary would not be as useful to aerodynamicists as would velocity control on the boundary. 
In many situations the control is constrained in some sense; in which case one can even 
make the functional J independent of explicit reference to g. Other types of functionals 
should be discussed, in order to represent physical properties that are to be minimized. 
Observed-Control problems need to be discussed, as well as equations of non-steady flow. 
All of these questions will be discussed in forthcoming reports. 
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